Quasi-normal Modes of Extremal Black Holes from Hidden Conformal
  Symmetry by Chen, Bin & Zhang, Jia-ju
ar
X
iv
:1
01
2.
22
19
v2
  [
he
p-
th]
  2
 M
ay
 20
11
Quasi-normal Modes of Extremal Black Holes
from Hidden Conformal Symmetry
Bin Chen1,2,3∗ Jia-ju Zhang1†
1Department of Physics, and State Key Laboratory of Nuclear Physics and Technology,
Peking University, Beijing 100871, P.R. China
2Center for High Energy Physics, Peking University, Beijing 100871, P.R. China
3 Kavli Institute for Theoretical Physics China, CAS, Beijing 100190, P.R. China
October 10, 2018
Abstract
In this paper, we construct the quasi-normal modes of three-dimensional
extremal black holes in an algebraic way. We show that the infinite tow-
ers of the quasi-normal modes of scalar, vector and tensor could be con-
structed as the descendents of the highest weight modes. Our investigation
shows that the hidden conformal symmetry suggested in [5] is an intrinsic
property of the extremal black hole. Moreover, we notice that we need to
fix the freedom in defining the local vector fields and find the right hidden
conformal symmetry to obtain the physical quasi-normal modes.
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1
1 Introduction
In [1], it was argued that the hidden conformal symmetry in the low-frequency
scalar scattering off generic non-extremal Kerr black hole was essential to set up
a Kerr/CFT correspondence. Such hidden conformal symmetry is just a local
symmetry rather than a global symmetry, acting on the solution space. Further-
more in [1], a holographic two-dimensional description of generic non-extremal
Kerr black hole was proposed. The match of both the entropy counting and
the scattering amplitudes provides strong evidence to support this Kerr/CFT
conjecture. The similar analysis has been generalized to various cases, see for
example [2, 3].
Very recently, it was shown in [4] that the same hidden conformal symmetry
may act on the solution space of the vector and tensor as well. The vector
fields defining an SL(2, R)-algebra act on the tensor via Lie-derivatives. It was
shown that for three-dimensional black holes which have two-dimensional con-
formal field theory (CFT) descriptions the wave equations of the vector and the
rank-2 symmetric tensor could be written in terms of the Lie-induced SL(2, R)
quadratic Casimir. This fact shows that the hidden conformal symmetry, if it
exists, is an intrinsic property of the black hole, not an artifact of the scalar
equation of motion. Furthermore, the hidden conformal symmetry has been
applied to construct the quasi-normal modes (QNM) of the black hole in an
algebraic way in [4].
The quasi-normal modes[6] are defined to be the perturbations of the black
hole, satisfying the purely ingoing boundary condition at the black hole horizon
and appropriate boundary condition at the asymptotical infinity. As a result,
the frequencies of the perturbations are complex, whose imaginary parts deter-
mine the decay time of the perturbations. From AdS/CFT correspondence[7, 8],
the quasi-normal modes of the black holes correspond to the operators perturb-
ing the thermal equilibrium in dual field theory, and their frequencies are related
to the poles of the retarded correlation function in the momentum space in the
dual conformal field theory. On the other hand, the quasi-normal modes also
play an important role in deriving the area law of the black hole entropy in the
framework of canonical quantum gravity[9, 10]. The usual way to determine the
quasi-normal spectrum is to solve the equations of motion explicitly under phys-
ical boundary condition, whose analytic forms are often out of reach. In [4], it
was shown that from the hidden conformal symmetry of three-dimensional black
holes one could define the highest weight mode, from which the infinite tower
of descendent modes could be constructed. This infinite tower of modes turns
out to be a tower of quasi-normal modes. More interestingly, the construction
works well not only for the scalar, but also for the vector and the tensor, which
requires appropriate composition of the components. The effectiveness of the
construction relies on the fact that the hidden conformal symmetry could be
defined in the whole spacetime region of three-dimensional black holes rather
than just the “Near” region of the black hole, for various kinds of perturbations
via Lie-derivatives.
In this letter, we generalize the construction proposed in [4] to the extremal
black holes. For the extremal black holes, the discussion of the hidden conformal
symmetry is subtle. One needs to introduce a new set of conformal coordinates
to define the local SL(2, R) vector fields and the SL(2, R) quadratic Casimir[5],
which could be used to rewrite the radial equation of the scalar. Even though the
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conformal coordinate is quite different, one set of hidden conformal symmetry
is very similar to the ones in the non-extremal case. This makes the similar
construction of the quasi-normal modes feasible.
In the next section, we give a concise review of the construction in [4], paying
special attention to several subtle points in the construction. In particular, we
find that we need to choose appropriate vector fields to define the physical quasi-
normal modes. In Sec. 3, we show how the construction could be generalized
to the extremal black holes. In Sec. 4, we take the BTZ black hole and the
null warped black hole as explicit examples. For the BTZ black hole, the result
we obtain is in perfect match with the one found in the literature. For the
null black hole, the construction is slightly different as the equations of motion
involve both set of the vector fields. We end with discussions in Sec. 5.
2 Algebraic construction of QNMs of non-extremal
black holes
In this section we give a brief review of the construction in [4] and clarify a few
subtle points that were not pointed out explicitly before but are useful in this
paper.
2.1 Hidden conformal symmetry
The hidden conformal symmetry is not a global symmetry of the black hole.
It could only be locally defined and acts just on the solution space. Usually
starting from conformal coordinates, one may construct a set of vector fields
satisfying SL(2, R) algebra
[V0, V1] = −V1, [V0, V−1] = V−1, [V1, V−1] = 2V0. (1)
The general form of the vector fields V0,±1 for generic non-extremal black holes
is of the form
V0 = 2A∂t + 2C∂φ,
V1 = e
µ1t+µ2φ
(
A∆′+B√
∆
∂t +
C∆′+D√
∆
∂φ +
√
∆∂r
)
,
V−1 = e−µ1t−µ2φ
(
A∆′+B√
∆
∂t +
C∆′+D√
∆
∂φ −
√
∆∂r
)
,
(2)
where ∆ = (r−r+)(r−r−), ∆′ = d∆/dr and the coefficients λ1, λ2, µ1, µ2, A,B,C,D
are constants related to each other
µ1 = − D
2(AD −BC) , µ2 =
B
2(AD −BC) . (3)
It is not hard to see that there are degrees of freedom in the definition of the
SL(2, R) vector fields (2). For example, one may redefine
Vˆ1 = −V−1, Vˆ0 = −V0, Vˆ−1 = −V1, (4)
such that Vˆ0,±1 still satisfy the SL(2, R) algebra (1). The redefinition corre-
sponds to change the sign of all the parameters λ1, λ2, µ1, µ2, A,B,C,D. Actu-
ally there are more degrees of freedom in defining the SL(2, R) generators. We
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can define a new set of vector fields as
Vˆ1 = αV1, Vˆ0 = V0, Vˆ−1 =
1
α
V−1, (5)
with α as an arbitrary nonzero constant, or
Vˆ1 = V−1, Vˆ0 = −V0, Vˆ−1 = V1. (6)
Both (5) and (6) leave the SL(2, R) algebra (1) and the Casimir (7) unchanged.
In fact the transformation (4) is just using (5) with α = −1 and (6) succes-
sively. There seems to be no way to fix the above ambiguity in the definition of
the vector fields. However from the algebraic construction of the quasi-normal
modes, the physical requirement will help us to fix the ambiguity, up to the α
factor which has no physical implication.
For the scalar, the hidden conformal symmetry manifest itself in the fact
that the scalar equation of motion could be rewritten in term of the SL(2, R)
quadratic Casimir. Moreover, the symmetry could actually be an intrinsic prop-
erty of the black hole so it acts on the vector and the tensors as well. As the
vector fields act on the tensors via Lie-derivative, in order to discuss the hid-
den conformal symmetry on the vector and the tensor, one may define the
Lie-induced quadratic Casimir as
L2 = −LV0LV0 +
1
2
(LV1LV−1 + LV−1LV1) . (7)
Acting on a scalar Φ the Lie-induced Casimir takes the form of
L2Φ = Πρσ∂ρ∂σΦ + Σρ∂ρΦ, (8)
where we have defined
Πρσ ≡ 1
2
(
V ρ1 V
σ
−1 + V
σ
1 V
ρ
−1
)− V ρ0 V σ0 , (9)
Σρ ≡ 1
2
(
V σ1 ∂σV
ρ
−1 + V
σ
−1∂σV
ρ
1
)− V σ0 ∂σV ρ0 . (10)
The explicit expressions can be calculated easily, with which we find
− L2Φ = ∂r∆∂rΦ−
σ2+
(r − r+)(r+ − r−)Φ +
σ2−
(r − r−)(r+ − r−)Φ. (11)
with
σ± = [A(r+ − r−)±B] ∂t + [C(r+ − r−)±D]∂φ. (12)
As expected, for the scalar, the action of the Lie-induced Casimir is the same
as the usual Casimir.
For a vector Aµ, we have
L2Aµ = Πρσ∂ρ∂σAµ +Σρ∂ρAµ + ∂µΣσAσ +Υρσµ ∂ρAσ (13)
with Υρσµ being defined as
Υρσµ ≡ V ρ1 ∂µV σ−1 + V ρ−1∂µV σ1 − 2V ρ0 ∂µV σ0 . (14)
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Noticing that Σσ is only a function of r, if we can find κ1, κ2 that satisfy
(κ1∂t + κ2∂φ)V
µ
0,±1 = 0, (15)
then we will have
L2A+ = Πρσ∂ρ∂σA+ +Σρ∂ρA+, (16)
where we have let
A+ = κ1At + κ2Aφ. (17)
The condition (15) can be satisfied if
κ1
κ2
= −µ2
µ1
. (18)
Therefore, under the action of the Lie-induced Casimir A+ behaves like a scalar.
More interestingly, from the equation of motion of a massive vector
ǫ αβµ ∂αAβ +mAµ = 0, (19)
we find that for three-dimensional black hole, A+ indeed obeys the relation
(L2 +m2v)A+ = 0, (20)
where mv is a r-independent parameter, which may depend on the backgrounds
and other quantum number.
For a rank-2 symmetric tensor Tµν , the action of the Lie-induced Casimir
takes a more involved way. Nevertheless, the following combination of the com-
ponents
T+ = κ1Ttt + κ2Ttφ + κ3Tφt + κ4Tφφ (21)
behaves like a scalar
L2T+ = Πρσ∂ρ∂σT+ +Σρ∂ρT+, (22)
if κ1, κ2, κ3, κ4 are chosen to satisfy
κ1
κ2
=
κ3
κ4
= −µ2
µ1
, κ2 = κ3. (23)
Similarly, from the equation of motion of Tµν in three-dimensional spacetime
ǫ αβµ ∇αTβν +mTµν = 0, (24)
we find that
(L2 +m2t )T+ = 0, (25)
wheremt is a r-independent parameter, which could depend on the backgrounds
and other quantum number.
In short, with the Lie-induced quadratic Casimir (7), we can discuss all
kinds of perturbations in an uniform way. With appropriate combination, their
equations of motion could all be put into the form
(L2 +m2
tˆ
)Tˆ+ = 0, (26)
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where Tˆ+ stands for a general perturbation and m
2
tˆ
is its corresponding r-
independent parameter. It is remarkable that m2
tˆ
may not just the mass pa-
rameter, it could depend on other quantum numbers. In particular, for the
three-dimensional warped black holes, m2
tˆ
can include the generators of the
other set of SL(2, R) vector fields.
For non-extremal black holes, there exist another set of vector fields forming
hidden conformal symmetry. The vector fields take a quite similar form as (2)
with a different set of parameters λ¯1, λ¯2, µ¯1, µ¯2, A¯, B¯, C¯, D¯ satisfying a similar
relationship as (3). And we have also similar Lie-induced Casimir L¯2 (7) and
(11).
2.2 Constructions of quasi-normal modes
The construction of various kinds of quasi-normal modes is similar. Let us take
the scalar as the example to illustrate the construction. For the scalar we have
(L2 +m2s)Φ = 0. (27)
Firstly, we define the highest weight state:
LV0Φ(0) = hRΦ(0), LV1Φ(0) = 0, (28)
from which the infinite tower of quasi-normal modes can be constructed as its
descendent
Φ(n) =
(LV−1)nΦ(0), n ∈ N. (29)
The scalar field Φ could be expanded as
Φ = e−iωt+ikφR(r), (30)
where ω, k are quantum numbers corresponding to the Killing vector ∂t, ∂φ of
the black hole background. As
[LX ,LY ] = L[X,Y ], LaX = aLX (31)
where X,Y are arbitrary vectors and a is an arbitrary constant, the Lie-induced
Casimir always commute with the Lie-derivatives LVi . The highest weight con-
dition (28) gives the conformal weight
hR =
1
2
(
1 +
√
1 + 4m2s
)
. (32)
And the frequencies of the quasi-normal modes could be read from (29)
2Aω
(n)
R = 2Ck + i(hR + n), (33)
with n being a non-negative integer. For the highest-weight mode Φ(0), we have
2Aω0 − 2Ck0 = ihR, (34)
where ω0 and k0 are its frequency and angular momentum. In principle, k0
could be complex in the solution. Taking the highest mode as quasinormal
modes require k0 be real. For the descendent mode Φ
(n), we have
LV0Φ(n) = (−i2Aω(n)R + i2Ck(n))Φ(n), (35)
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where its frequency ω
(n)
R and angular momentum k
(n)
R are related to ω0 and k0
via the relation
ω
(n)
R = ω0 − inµ1, k(n)R = k0 + inµ2. (36)
To be a well-defined quasinormal mode, the angular momentum k
(n)
R should be
real, which requires a choice of complex k0. Note that the real part of the k0
and k
(n)
R are always the same, taken as k. From the relation (36) we obtain
(33) as well. For the vector and the tensor, the frequencies of the quasi-normal
modes take the same form as (33) with different conformal weights.
As the quasi-normal modes are defined as the modes decaying with the time,
the imaginary part of their frequencies should be negative. This indicates that
in (33) A should be negative. In the non-extremal cases we can always use the
degree of freedom in defining the SL(2, R) vector fields and choose the sign of
A to satisfy the A < 0 condition. However in the next section we will see that
in the extremal cases the freedom in choosing the sign does not exist, then some
tricks have to be used to construct the quasi-normal modes. If A > 0, from (6)
we have
Vˆ0 = 2Aˆ∂t + 2Cˆ∂φ. (37)
with the desiring condition Aˆ = −A < 0 and Cˆ = −C. Using Vˆ0,±1 we can
construct a tower of quasi-normal modes,
L
Vˆ0
Φ(0) = hRΦ
(0), L
Vˆ1
Φ(0) = 0, Φ(n) =
(
L
Vˆ−1
)n
Φ(0). (38)
From this construction, the conformal weight (32) is unchanged, while the fre-
quencies of the quasi-normal modes are changed to
2Aω
(n)
R = 2Ck − i(hR + n), (39)
which have the desired property of quasi-normal modes.
With the quasi-normal modes defined as (29), we can solve the equation of
the highest weight mode LV1Φ(0) = 0 explicitly, and find the solution to be
Φ(0) = C0(r−r+)iAω
(0)
R
−iCk+ iBω
(0)
R
−iDk
r+−r− (r−r−)iAω
(0)
R
−iCk− iBω
(0)
R
−iDk
r+−r− e−iω
(0)
R
t+ikφ,
(40)
where C0 is an integration constant. In the limit r→ r+,
Φ(0) ∝ eiω
(0)
R
[(
A+ B
r+−r−
)
ln(r−r+)−t
]
. (41)
To satisfy the ingoing boundary condition at the horizon r = r+, we need
A+
B
r+ − r− < 0. (42)
In all the cases we studied, we always have AB ≥ 0. Therefore, the require-
ment that the quasi-normal modes are decaying is consistent with the ingoing
boundary condition.
Noting that
V−1 ∝ (r − r+)− 12 e−µ1t, as r→ r+, (43)
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we have
Φ(n) ∝ eiω
(n)
R
[(
A+ B
r+−r−
)
ln(r−r+)−t
]
(r − r+)−nβ , n ∈ N, (44)
where
ω
(n)
R = ω
(0)
R − inµ1, β = µ1
(
A+
B
r+ − r−
)
+
1
2
. (45)
This shows that Φ(n) satisfy the ingoing boundary condition as well. Also in
concrete examples we always have µ1 ≥ 0, so if we have Im ω(0)R ≤ 0, then
Im ω
(n)
R ≤ 0 for every n ∈ N .
In the r →∞ limit, we have asymptotically
Φ(0) ∝ ri(2Aω(0)R −2Ck) = r−hR . (46)
As asymptotically
V−1 ∼ e−µ1t−µ2φ(2A∂t + 2C∂φ − r∂r), (47)
for arbitrary n ∈ N we always have
Φ(n) ∝ r−hR . (48)
So we can see that the solution has the right behavior as the quasi-normal
modes.
If we get the vector fields with A > 0, we can either add an overall minus
sign for all the coefficient, which equals the transformation (4), or use the trans-
formation (6), and then construct well-defined quasi-normal modes as the A < 0
case.
3 Quasi-normal modes of extremal black holes
The hidden conformal symmetry of extremal black holes can not be simply
obtained by taking the limit r− → r+ from that of the non-extremal ones.
With the conformal coordinates proposed in [5], we can define two sets of vector
fields both satisfying SL(2, R)-algebra
V1 =
2
A1
(2πTL∂t − 2nL∂φ),
V0 = −(r − r+)∂r + 1A1 (α1t+ β1φ)(2πTL∂t − 2nL∂φ),
V−1 = −(α1t+ β1φ)(r − r+)∂r + γ1A1(r−r+) (β1∂t − α1∂φ)
+
[
(α1t+ β1φ)
2 +
(
γ1
r−r+
)2]
1
2A1
(2πTL∂t − 2nL∂φ),
(49)
V˜1 = 2e
−2piTLφ−2nLt
[
(r − r+)∂r − 1A1 (β1∂t − α1∂φ)−
γ1
A1(r−r+) (2πTL∂t − 2nL∂φ)
]
,
V˜0 = − 1A1 (β1∂t − α1∂φ),
V˜−1 = − 12e2piTLφ+2nLt
[
(r − r+)∂r + 1A1 (β1∂t − α1∂φ) +
γ1
A1(r−r+) (2πTL∂t − 2nL∂φ)
]
.
(50)
Since the Hawking temperature of an extremal black hole is vanishing, the
temperature in one sector of the dual conformal field theory must be vanishing,
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while the one in the other sector could be non-zero, which is labeled as TL in
the above relations.
Obviously {V0,±1} looks quite different from the one (2) we have been dis-
cussing, but {V˜0,±1} is quite similar to (2). In fact, using the transformation
(5) with α = 1/2 we have exactly the extremal form of (2). This fact allows us
to construct the quasi-normal modes of extremal black holes in the similar way
as shown in last section.
To get the action of the Lie-induced Casimir from V˜0,±1 on the scalar we
have to calculate Πρσ, Σρ in (9), (10) explicitly using (50). Then we have
−L2Φ = ∂r∆∂rΦ−γ
2
1(2πTL∂t − 2nL∂φ)2
A21(r − r+)2
Φ−γ1(2πTL∂t − 2nL∂φ)(2β1∂t − 2α1∂φ)
A21 (r − r+)
Φ,
with A1 = 2πTLα1 − 2nLβ1.
Similarly we can discuss the action of Lie-induced SL(2, R) quadratic Casimir
on the vector and the symmetric rank-2 tensor. We see in (??) that Σσ has the
same form as the non-extremal cases, and only depends on r. There are κ˜1, κ˜2
with
κ˜1
κ˜2
= −πTL
nL
(51)
satisfying
(κ˜1∂t + κ˜2∂φ)V˜
µ
0,±1 = 0, (52)
then we can make appropriate combination of the components of the vector or
the tensor such that after appropriate combination the vector and the tensor
both behave as a scalar under the action. Within our expectation, the equations
of motion of the perturbations could be cast into an uniform form as (70).
The construction of the quasi-normal modes follows straightforwardly. Let
us just take the scalar as an example. For the scalar we have(L2 +m2s)Φ = 0, (53)
then we can define the quasi-normal modes as
LV˜0Φ(0) = hLΦ(0), LV˜1Φ(0) = 0, Φ(n) =
(
LV˜−1
)n
Φ(0), n ∈ N. (54)
This determines the conformal weight and the frequencies of the quasi-normal
modes
hL =
1
2
(
1 +
√
1 + 4m2s
)
, (55)
ω
(n)
L = −
α1
β1
k − iA1
β1
(hL + n), n ∈ N. (56)
From the previous discussion we can see the method only applies to the case
β1
A1
> 0. For the case β1
A1
< 0, we have to redefine the vector fields as (6). Then
we get the same conformal weight as (55) and the desired frequencies of the
quasi-normal modes
ω
(n)
L = −
α1
β1
k + i
A1
β1
(hL + n). (57)
With the quasi-normal modes constructed as (54), we get the solution to
LV˜1Φ(0) = 0 as
Φ(0) = C0 (r − r+)−
i(β1ω
(0)
L
+α1k)
A1 e
iγ1(2piTLω
(0)
L
+2nLk)
A1(r−r+)
−iω(0)
L
t+ikφ
. (58)
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In the limit r → r+,
Φ(0) ∝ eiω
(0)
L
[
γ12piTL
A1(r−r+)
−t
]
. (59)
To satisfy the ingoing boundary condition at the horizon r = r+, we need
γ1
A1
> 0. (60)
Similar to the non-extremal cases, we have no general proof that (??) and (60)
can be satisfied simultaneously, which however turns out to be true for the
cases we study in this paper. Similarly, Φ(n) also satisfy the ingoing boundary
condition.
In the r →∞ limit, we have asymptotically
Φ(0) ∝ r−
i(β1ω
(0)
L
+α1k)
A1 = r−hL , (61)
V˜−1 ∼ −1
2
e2piTLφ+2nLt
[
r∂r +
1
A1
(β1∂t − α1∂φ)
]
, (62)
and so for an arbitrary n ∈ N we always have
Φ(n) ∝ r−hL . (63)
Therefore we see that the tower of descendents we constructed have the right
behavior as the quasi-normal modes.
4 Examples
In this section, we illustrate our construction with two concrete examples. One
example is extremal BTZ black hole, whose quasi-normal modes have been
studied in [13]. The other one is null warped black hole, whose quasi-normal
modes have been discussed in [16].
4.1 BTZ black hole
The BTZ black hole is a vacuum solution for (2+1)-dimensional Einstein gravity
with a negative cosmological constant. The metric of the BTZ black hole is[12]
ds2 = − (r
2 − r2+)(r2 − r2−)
r2
dt2 +
r2
(r2 − r2+)(r2 − r2−)
dr2 + r2
(
dφ− r+r−
r2
dt
)2
.
(64)
This black hole could be described holographically in terms of 2D CFT with the
left and right moving temperature
TL =
r+ + r−
2π
, TR =
r+ − r−
2π
. (65)
The quasi-normal modes of BTZ black hole have been widely studied in the
literature, for an incomplete list see [12].
The hidden conformal symmetry of extremal BTZ black hole has not been
discussed in [5], but the discussion follows straightforwardly. In this case, we
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should just replace r with r2 and ∂r with ∂r2 in the conformal coordinates and
the vector fields. The equation of motion of a scalar is
∂r2(r
2 − r2+)2∂r2Φ−
r2+(∂t + ∂φ)
2
4(r2 − r2+)2
Φ− (∂t + ∂φ)(∂t − ∂φ)
4(r2 − r2+)
Φ =
m2
4
Φ, (66)
and the coefficients in (??) turn out to be
α1 = β1 =
γ1
r+
, TL =
r+
π
, nL = −r+. (67)
From (51) we have κ˜1/κ˜2 = 1 , so we have the combination
A+ = At +Aφ, (68)
and
h+ = htt + htφ + hφt + hφφ, (69)
both of which behave like a scalar under the Lie-induced Casimir. Actually A+
and T+ are exactly the same ones found in the non-extremal case[4].
The equations of motion of the scalar, the vector and the tensor could all be
put into the form
(L2 +m2
tˆ
)Tˆ+ = 0, (70)
where
L2 = 4∂r2(r2 − r2+)2∂r2 −
r2+(∂t + ∂φ)
2
(r2 − r2+)2
− (∂t + ∂φ)(∂t − ∂φ)
r2 − r2+
, (71)
and m2
tˆ
take different values for different perturbations
m2s =
1
4
m2, m2v =
1
4
(m2 + 2m), m2t =
1
4
(m2 + 4m+ 3). (72)
As
β1
A1
=
1
4r+
> 0, (73)
we may define the quasi-normal modes as (54). Using (55), (56) we finally
obtain
hsL =
1
2
(
1 +
√
1 +m2
)
, hvL =
m
2
+ 1, htL =
m+ 3
2
, (74)
and the frequencies of the quasi-normal modes which are of the same form for
all perturbations
ω
(n)
L = −k − i4πTL(hL + n), n ∈ N. (75)
This is in perfect match with the one found in [4]1.
In [13], it has been shown that the quasi-normal modes of extreme BTZ
black hole are absent, due to the vanishing Hawking temperature in this case.
Our study gives different results. The BTZ black hole could be holograph-
ically described by a two-dimensional CFT with both left and right-moving
1A similar construction on tensor quasi-normal modes of extremal BTZ black hole in 3D
TMG has been presented in [14]. Our result is in consistent with theirs.
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temperatures[8]. For extreme BTZ, the fact that its Hawking temperature is
vanishing suggests that one sector of the dual CFT is frozen to zero tempera-
ture, but the other sector is still active with a nonvanishing temperature. In
this case, the quasi-normal modes still correspond to the the operators perturb-
ing the thermal equilibrium in dual chiral CFT. Our results fit nicely with this
picture.
4.2 Null warped AdS3 black hole
The null warped AdS3 spacetime is one of the vacuum solution of (2+1)-
dimensional topological massive gravity. The null warped black hole could be
taken as the quotient of the null warped AdS3. The metric of the null warped
AdS3 black hole is of the form[15]
ds2 = −2rdtdφ+ dr
2
4r2
+ (r2 + r + α2)dφ2, (76)
where 1/2 > α > 0 in order to avoid the naked causal singularity. The horizon
is located at r = 0. The null warped black hole is an extremal black hole.
In [16, 19], it was conjectured that the null warped black hole could have a
holographic description in terms of a two-dimensional chiral conformal field
theory with central charge and the temperature2
CL = 2l/G, TL =
α
πl
. (77)
The hidden conformal symmetry of this black hole has been addressed in [5].
The equation of motion for the scalar field with mass m takes the form
∂rr
2∂rΦ− α
2∂2t
4r2
Φ− ∂t(∂t + 2∂φ)
4r
Φ− ∂
2
t
4
Φ =
m2
4
Φ, (78)
which allows us to read out the parameters in the conformal coordinate
α1 = −2β1, γ1 = αβ1, TL = α
π
, nL = 0. (79)
As V1, V˜0 could be given explicitly as
V1 = − 1
β1
∂t, V˜0 =
1
4α
(∂t + 2∂φ), (80)
the scalar equation could be rewritten as
(L˜2 + bL2V1 +m2s)Φ = 0, (81)
where b = β21/4,m
2
s = m
2/4 and LV1Φ(0) = qΦ(0) with q = i ωβ1 . Since
β1
A1
= − 1
4α
< 0, (82)
2The chiral CFT has been suggested to have central charge and temperature in the right
sector. Here to be in match with our notation, we re-label them as in left sector
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we have to redefine the vector fields as (6) and then construct the quasi-normal
modes. From (55) we find the conformal weight
hL =
1
2
(
1 +
√
1 + 4(m2s + bq
2)
)
, (83)
and the frequencies of the quasi-normal modes
ω
(n)
L = 2k − i4πTL(n+ hL), n ∈ N. (84)
In the scalar case we can easily identify (m2s + bq
2) with (m2 − ω2)/4. Taking
into account of the following identification between quantum numbers[16, 17],
k = −ω˜, w = 2k˜, (85)
we finally obtain
hL =
1
2
(
1 +
√
1 +m2 − 4k˜2
)
,
ω˜
(n)
L = −k˜ − i2πTL(n+ hL), n ∈ N.
(86)
The result is in perfect match with [16].
Using (51) and nL = 0 we can choose κ˜1 = 1, κ˜2 = 0. As a result, in the
linear combination of the vector and the tensor, only At and htt appear. In
other words, the vector component At and tensor component htt can be treated
as the scalar under the action of the Lie-induced Casimir. Their equations of
motion are the same as (81) but with different mass paramaters
m2v =
1
4
(m2 − 2m) m2t =
1
4
(m2 − 4m+ 3). (87)
The quasi-normal modes of the vector and the tensor are of the same form
as (86), but the conformal weights are a little different
hvL =
1
2
(
1 +
√
1 +m2 − 2m− 4k˜2
)
, htL =
1
2
(
1 +
√
1 +m2 − 4m+ 3− 4k˜2
)
.
(88)
Here we have taken into account of the identification (85). hvL is the same as the
one found in [16]. The conformal weight of the massive symmetric tensor mode
has not been addressed before. In the paper [19], the gravitational perturbation
has been investigated. It was found to have the conformal weight
ht =
1
2
(
1 +
√
1− 4k˜2
)
, (89)
which corresponds to m = 3 or m = 1 in our case. Recall that in three-
dimensional topological massive gravity, the gravity perturbation could be mas-
sive. For null warped spacetime, it is only well-defined at ν = 1 which may give
a massive graviton with mass m = 3. In this sense, our result is compatible
with (89).
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5 Discussions
In this paper, we studied the quasi-normal modes of three-dimensional extremal
black holes, which have dual two-dimensional holographic CFT descriptions
and therefore hidden conformal symmetries. As the non-extremal case, the
quasi-normal modes could be constructed in an algebraic way. The towers of
quasi-normal modes were constructed as the descendent modes of the highest
weight mode. Different from the non-extremal case, there is only non-vanishing
temperature in one sector of the dual 2D CFT of extremal black hole such that
there is at most one set of quasi-normal modes. This is in accordance with the
fact that only one set of SL(2, R) vector fields of the extremal black hole could
be applied to construct the quasi-normal modes.
For the warped black holes in 3D TMG, things get more interesting. In fact,
even for the non-extremal black hole, the scalar Laplacian generically could
not be written purely in terms of a simple SL(2, R) quadratic Casimir. The
Lie-derivative of a vector field must be included in the parameter m2
tˆ
, even
though such term does not induce r-dependence. As a result, only one set of
quasi-normal modes could be constructed[4]. In the extremal limit, this set of
quasi-normal modes may fail to survive. This happens for the spacelike stretched
warped AdS3 black hole and self-dual warped black hole[18]. On the other hand,
in these two cases, there is really no quasi-normal mode from the point of view
of retarded Green’s functions, which have the poles in the quantum number k,
but no pole in the frequency. We do not know if this is just a coincidence or
there is a deep reason behind it.
Another interesting point is that the construction of the quasi-normal modes
may help us to fix the ambiguity in defining the hidden conformal symmetry. As
we showed in Section 2, there exist degrees of freedom in defining the local vector
fields, which may satisfy the SL(2, R) algebra and lead to the same SL(2, R)
quadratic Casimir. Naively one may construct the quasi-normal modes with
any set of these vector fields. However, not of all of them lead to physically
acceptable quasi-normal modes. The decaying nature of the quasi-normal modes
picks out one set of the vector fields, which we believe to be the right hidden
conformal symmetry of the black hole. The other choice of vector fields may lead
to a set of modes of enhancing nature, which is physically unacceptable. As the
decaying nature of the quasi-normal modes is equivalent to the ingoing boundary
condition at the horizon, which is required to compute the retarded Green’s
function from AdS/CFT prescription[20], the time-growing modes correspond
to the poles of advanced Green’s function, or equivalently imposing the outgoing
boundary condition at the horizon. Therefore, the choice on the vector fields is
closely related to the choice of the boundary conditions at the horizon.
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